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The following two equations transform the input into output in a neural net:

O(z) = B+QH(x)
H(z) = tanh(A+ Wa)

where x is an n-tuple of data represented as a column vector and the capital letters denote
matrices. The dimensions of these matrices are:

w mXn

A m X 1
Q pXm
B pxl1

and it is assumed that the entries of the matrices are taken from a normal distribution with
mean 0. For simplicity, we assume A+ W x is sufficiently close to 0 to permit the simplifying
assumption that tanh is linear with constant slope a. Thus:

O(z) = B+QH(z)
H(z) = a(A+Wa)

Combining these two formulae into a more convenient form:

O(z) = B+ aQA+ aQWx
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Now we write

y1 = O(x1) = B4+ aQA+ aQWax,
y2 = O(x2) = B+ aQA + aQWxy
Hence,
Ay = yo —y1 = aQW (x2 — 21)

We proceed to derive E[||ys —y1||?] and Var|||y2 —v1][?]. To this end, we introduce R = QW
whose entries 7, ; are given by

m
Tij = ¢i1W1j + ¢GoWaj + .. + QW j = E Qi1 W5
t=1

In turn,

Ay = aQW (xe — x1)
whose entries are given by

n m

n
Ay; =a Z risATs = a Z Z Qi 1 Wy s AT
s=1

s=1 t=1

It suffices to find £ [y?] for 1 < j < p because
El|Ayl)?] = E[Ay} + Ay; + ... + Ayg] = E[Ay(] + B[Ay3] + ... + E[Ay;)]

So we write o
Ay? = (a Z Z Qi we s Azs)?
s=1 t=1

In expanding Ay? we may ignore terms that are linear in ¢;; or w, ;, as these are independent
and the expected value of each evaluates to 0. That is, the terms of interest have the form



Recalling that

We have

a’FE
a’FE

0,2

(qiqwis + ... + qlmwm D?AZT + o+ (Gawin + o+ G Wi )2 AZ2]

(qflwl 1+t qlm . 2 VA2 4.+ (q?mwfn + .o+ quw?nn)Axi]
(E[qflwl 1+ q, Wi, 1]A1’% + ...+ E[qzmwin + ...+ quwzm]A:Bi)

a ((E[qiz,1w1,1] +...t E[qz',m Enl])Ax%

+... + (E[quwfn] + ...+ E[quwfnn])Axi)

a*((Blg; ) Elwi ] + ... + Elg},, | Elwy, \]) Axt

+o o+ (Elg ) Ewi ) + - + Elgg ] By, ) Azy)

(o200 + ... + 0lon)Aat + ... + (0700, + 4 olon)AzD)

*(mozo Axl + ...+ mo,o, Axl)

[
[

[\

a
a

E[l|Ay|’] = E[Ay;] + E[Ay3] + ... + E[Ay;]

E[|Ay|") = pma’ogoy||Az|]*

It easily follows that

El|Ay|[* = [|Az]]] [IIAyW] Ell| Az
= pma’ogoy||Ax|* — [|Az]|*

|| Az[[*(pma’ogoy, — 1)



Now to compute Var[||Ay||?]. We begin by noting that
Var(||Ay|]?] = Var[Ay? + Ays + ...Ayf)]

p p

= > ) Cov(Ay}, Ay)
i=1 j—l

= ZZ [Ay; Ay] — E[Ay;1E[Ay?])
i=1 j=1

= ZZ Ayfij ma20202 |Az||*)?)
=1 j=1

= ZZ Ayfij (m?a* O’ ol l|Ax||h)
=1 j5=1

So it suffices to find E[Ay;Ay3], which we do separately for i = j and 7 # j. Recalling that

Tij = ¢iaWij + ¢i2Waj + ... + QimWmj = E Qi1 Wt j

we note that

Ayf = (a Zn: Zm: Qi,twt,sAx§)2

s=1 t=1
n

= (a) misAz2)
s=1
n

2 2\2
= a*( E i A7)
s=1
2 2 2
= a ((TZ-71ALL’1 + 7’1'717”2"2ASL’1ASL’2 T Ti71Ti’nALL’1ALL’n)

Foo + (FinTin ATy ATy + 15,073 28T, ATy + ..+ 17, AT2))
Similarly,

yjz = a2((r]2-71A1’f + 117281 Az + o+ 147 Ary Ay,)
+oooF (1 ATy Axy + 15 07 2T, Axe + .+ rjznAxi))

So the terms of Ay?Ay? have the form

a4(ri,ari7brj,crjvd) (Az,AzyAz . Azy)
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where a, b, ¢, d are indices. In turn, the terms of 7; o7; 47 7;4 have the form
(¢i,5Ws,0) (@i,0 0, ) (Gj,ut0ue) (7,000, d) = (Gi,54i,085,uG5,0) (Ws,aWe p W, cWo, )
So the terms of Ay?Ay? have the form
a* (43,544 %5u)0) (W aWe b Wa Wy, 0) (AL Ay Ao Arg)

Yet again, we need only consider terms that are not linear in ¢ or w because all others
evaluate to zero under the expected value operator. So we consider all of the cases in which
the terms do not evaluate to zero. First,

Table 1: default

i£jls=t#u=v|s=t, v| a ,e=d
s=t#u=v|s=ut=v| a=c¢ b=
s=t#u=v|s=v,t=u| a=d, b=c
s=t=u=v a=b+#c=
s=t=u=v a=c#*b=d
s=t=u=v a=d#b=c
s=t=u=v a=b=c=d

Second,

This enumeration of combinations reduces to

and



a=c#b=d

a=d#b=c
a=b=c=d

Table 2: default

Table 3: default

s=t#u=v|a=b#c=d

s=t#u=v|a=b=c=d
s=t=u=v|a=b#c=d

s=t=u=v|ia=c#b=d
s=t=u=v|a=d#b=c

s=t=u=vl|la=b=c=d

i 7]

1
2
3




Table 4: default
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Il
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Now for 1:

]

2 A2
Az, Az,

2 2
s,awu,c

w

2
Dju

1 c=1,c#a

n

n
> 2.

u=1l,u#s a

m

2 A .2
AT Az,

2

1 c=1,c#a

2 2 2
E E 0,0,0u,0.

) #Sa

4
%

)

[Az|P|Az]? =) Ax
i=1

i

m
1 u=1u#



For Type 2:

E[Type2]

For Type 3:

E[Typel]

By symmetry, we have

m n n
E[Z Z Z a4qi2,sq]2-7sws JWs chz Az?

s=1 a=1 c=1 c;éa

D3I

s=1 a=1 c=1,c#a

m n n
4 2 2 2
a'd D Y. o0

s=1 a=1 c=1 c;éa
a3 s
s=1 a=1 c=1,c#a

m

a4a O' E

s=1

m
a'0370 D

=1

ql S
2 2 2
o2 Az2Aa?

4 4 4
CLO'qO'w

(||Aa:||2||Ax||2 -3 A

1=1

ma4a <||A:c||4 ZAm )

)

»

E[Type3] = E[Typed] = E[Typeb]
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quE[ ga] [w

(i Az} Z Ax? — i Ax}
i=1

c]

)

2 2 2
S,C] Aza Azc



Finally, for Type 6:

E[Type6] = Z Z a q, sqj sWs an ]

s=1 a=1

= ZZqus qys [ sa]Axi

s=1 a=1

m n
_ 4 2 200 4
= a E E 0,0,(30

s=1 a=1

m n
_ 9.4 4 _4 4
= 3a’o,0, g Az,

s=1 a=1

= 3ma‘o,o, Z Azl
a=1
So for i = j, E[Ay;Ay3] is given by
E[Ay}] = E[Typel] + E[Type2] + 3E[Type3] + E[Type6]

= m(m—1)a'clol <HAIH4 ZA:C>
+3m(m — 1)a‘o,o (ZAm)

+3 (ma‘laﬁaﬁj (HAmH‘l - Z Ax?))
i=1

n

4_4 4 4
+3ma“o, 0, E Az,
a=1

= m(m —1)a‘o,o,, (HAmH4 +2 Z A:cf) + 3ma‘o, o, || Az

i=1
By symmetry, we have

E[Typel] = E[Typel] = E[Type3] = E[Type5]
By symmetry, we have

E[Type2] = E[Type2] = E[Typed] = E[Typed]



For Type 7:

E[Typel] = ZZ Z a'qpwi Wi A Ax?]

s=1 a=1c= lc;éa

= ZZ Z qzs sa] [wic]szAxg

s=1 a=1c= 1c;£a

= 422 Z 30 O’ A{L’2A{L’

s=1 a=1c= 1c;£a

m n

_ 4 4 4 2 2

= E E Az, E AV
s=1 a=1 c=1,c#a

= 3@40 o i (i Ax? i Ax? — i A:cf‘)
s=1 =1

c=1

= 3a'ojoy ) <||Ax||2HAxH2 - ZA:@*)
s=1 i=1
= 3ma4a <||Ax||4 ZA:);)

By symmetry, we have
E[TypeT] = E[Type8] = E[TypeI)]

Finally, for Type 10:

E[Typel0] = Zzaq,swsa

s=1 a=1
m

= Q4ZZqus q]s [ sa]Amg

s=1 a=1
m n

= a Z 2(302)(30’3)A$4

s=1 a=1
m n

= 9aaa ZZAmi

s=1 a=1
n

= 9matc? 4ZAx4

a
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So for i # j, E[Ay; Ay?] is given by

E[Ay}AyY] = 3E[Typel] + 3E[Type2] + 3E[TypeT] + E[Typell]

= 3 (m( —1)a*olol <||Ax||4 Zm ))
+3 <3m( — 1a‘o,o (Z Ax ))
+3 <3ma4agafy (HAmH4 - Z Ax?))

+9ma4a Z Ax

= 3m(m — 1)a‘o,o, <HACEH4+QZASL’ ) + 9ma'o,o, || Az
=1
So since

P P
Var(||AylP] = ) E[AyAy]+ > E[Ay)] - pPmPatogoy || Ax||*

i=1,j=1,ji i=j=1
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